We present the rigorous derivation of spin operators whose square is the second Casimir invariant of the Poincaré group. It is shown that only two spin operators, of all that are general linear combinations of the components of Pauli-Lubanski vector with momentum-dependent coefficients, satisfy the spin algebra and transform properly under the Lorentz transformation. The two spin operators provide the two inequivalent representations, i.e., the left-handed and the right-handed representation of the Poincaré group, in which the base states describe free massive chiral fields with integer or half-integer spin s. In case that the Poincaré group is extended by parity operation, a massive elementary spin s field should be represented by the direct sum of the left-handed and the right-handed representation. The two spin operators providing the left-handed and the righthanded representation are not axial and not Hermitian as themselves. This implies that the two spin operators are not observables as themselves. The spin operator in the direct sum representation is axial and also becomes Hermitian acting on either a positive or a negative energy representation space. Therefore, the physical theory with a spin as an observable is provided from the parityextended Poinaré group, not just the Poincaré group. For spin 1/2, the parity operation expressed by the Lorentz boost in the direct sum representation naturally leads to the fundamental dynamical equation that is shown to be equal to the covariant equation for free Dirac field, which was originally derived from the homogeneous Lorentz symmetry. However, the equality of the two dynamical equations does not mean that the two theories are equivalent in physical aspect because, for instance, the spin operators in the two theories are different, and the spin in the new theory is conserved by itself but is not in the usual Dirac theory.
I. INTRODUCTION
The natural and fundamental way to introduce spin is through the Poincaré group as Wigner [1] did for the first time. Wigner showed that massive (elementary) particles are classified by the irreducible unitary representations of SU (2) subgroup of the Poincaré group, so called the Wigner little group, which labels spin. The generators of the Wigner little group could be represented by σ k , k ∈ {1, 2, 3}, which become the Pauli (spin) matrices in 2-dimensional representations. Before Wigner, in 1928 Dirac derived his equation that describes successfully spin 1/2 massive particles [2] . In the Dirac theory, it is generally believed that the operator corresponding to a physical spin angular momentum is the direct sum of two Pauli matrices, which we call 4-dimensional Pauli (spin) matrices. The 4-dimensional Pauli matrices are known not to commute with the free Dirac Hamiltonian, which means that the expectation values of the 4-dimensional Pauli matrices are not conserved in the Dirac theory. As the fundamental physical quantity to classify elementary particles or fields, however, spin should be a kinematic property determined by space-time symmetry, so that the spin of free elementary particles or fields is expected to be conserved, which indicates that the 4-dimensional Pauli matrices could not be considered as the components of a spin operator for spin 1/2 massive particles.
Several relativistic spin operators, including the 4-dimensional Pauli matrices, for massive particles have been proposed and studied since the early days of relativistic quantum theory [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Until now, at least seven spin operators are suggested [14] . Mainly, spin operators were obtained through the construction of relativistic position operators and then the decomposition of total angular momentum into an orbital and a spin angular momentum [3] [4] [5] 9] . Some spin operators were defined by using canonical transformations of the Dirac Hamiltonian [6] and the covariant Dirac equation [8] , and the boost transformation of the spin in the rest frame [10] . However, none of previous studies except Bogolubov et al.'s has been considered in connection with the second Casimir of the Poincaré group, whose eigenvalue labels spin [11] .
The square of the Pauli-Lubanski (PL) vector is known to give the second Casimir of the Poincaré group and moreover, the spatial components of the PL vector in the rest frame (RF) become the generators of the su(2) algebra, i.e., the 4-dimensional Pauli matrices in the 4-dimensional representation [11] . However, as is known, the PL vector itself cannot be a spin operator because the spatial components of the PL vector in the moving frame do not satisfy the su(2) algebra that is the basic requirement of a spin operator. This fact implies that a spin operator should be some linear combinations of the components of the PL vector, whose square become the second Casimir of the Poincaré group.
In fact, Bogolubov et al. considered a linear combination of the components of the PL operator and derived their spin operator with imposing the five conditions [11] ; i) Spin operator commutes with momentum operator. ii) Spin operator is an axial vector (axial vector condition). iii) Spin operator satisfies the su(2) algebra. iv) The three components of a spin operator transform as the three components of the three-dimensional spatial vector under spatial rotation (vector condition). v) The three components of a spin operator reduce to the three spatial components of the PL vector in the RF. Their spin operator was found to be unique. However, as they remarked, their spin operator is nothing but the three spatial component of the PL vector transformed to the RF by the inverse boost transformation from the PL vector in moving frame. Their spin operator is then only valid at the RF and not relativistically covariant. Hence it still remains an open problem to derive a relativistically covariant spin operator from linear combinations of the components of the PL vector, which is valid in all reference frames.
Our main purpose of this work is then to derive spin operators for massive elementary fields from the scratch. We derive spin operators of the Poincaré group starting with a general linear combination of the components of the PL vector operator in this work. In order to reify spin operators, we need to clarify proper minimum necessary conditions on the general linear combination because, in a strict sense, Bogolubov et al. used unnecessary conditions in deriving their spin operator. An unnecessary condition is just the axial vector condition that could be a crucial cause of the unsatisfactory result of Bogolubov et al. The axial vector condition would be based on the fact that classical angular momentum is an axial vector. However, the axial vector condition should be considered under a parity operation (spatial inversion). The parity transformation is not included in the Poincaré group that consists of translations and homogeneous Lorentz transformations. The axial vector condition in ii) is then not a necessary condition to obtain a spin operator of the Poincaré group. Furthermore, the condition v) of Bogolubov et al. is merely a consistency condition, which is not necessary as a prerequisite. Thus, if the two conditions ii) and iv) are excluded in the Bogolubov et al.'s condition, one can easily confirm that the three conditions i), iii), and iv) are not enough to determine a spin operator from a general linear combination of the components of the PL vector.
To find more proper conditions for a spin operator, one should consider a tensor expression of a spin operator. Similar to total angular momentum, the three components of a spin operator, i.e., the generators of the su(2) algebra is the components of the dual spin tensor. The tensor form of spin operator allows us to clarify necessary conditions, i.e., spin operator as component of tensor should satisfy its tensor property under Lorentz transformation consisting of boosts and spatial rotations. The tensor property under boost provides one more necessary condition because the tensor property under spatial rotation is equivalent to the condition iv) of Bogolubov et al.
Then, we derive two spin operators from general linear combinations of the components of the PL vector with the conditions i), iii), iv), and the additional necessary condition, and we represent the Poincaré group by using the two derived spin operators whose squares are the second Casimir invariant of the Poincaré group. Both the two spin operators are found to be the generators of the little group of the Poincaré group. The two spin operators are shown to be responsible for handedness (chirality) and to provide two inequivalent representations of the Poincaré group through the representations of the complexified su(2) algebra that is isomorphic to the sl(2, C) algebra. The two inequivalent representations admit a left-and a right-handed spin state representation of the complexified su(2) algebra for either an integer or a half integer spin s with a specific momentum. The two inequivalent representations of the Poincaré group led to the unique representation of a massive spin s elementary fields without any redundant spin fields for extending Poincaré symmetry with parity, which is the direct sum (s, 0) ⊕ (0, s) representation.
In the direct sum (s, 0) ⊕ (0, s) representation, a parity operator can be expressed by using the representation of two consecutive Lorentz boost operators, which has an exponential form of the helicity operator. Especially, for massive spin 1/2 elementary fields, the parity operator found to become a covariant linear form of the helicity operator in the direct sum representation. Further, we find that the parity operation on massive spin 1/2 elementary fields brings out dynamical description of the fields and thus gives a fundamental dynamical equation including the spin operator, which is found to be equal to the covariant free Dirac equation. This shows manifestly how spin presents itself in the dynamics of fields and in the free Dirac equation. Even though the fundamental dynamical equation is equal to the Dirac equation for free massive spin 1/2 elementary fields, the contexts of the two theories, respectively described by our fundamental dynamical equation and the free Dirac equation, are not physically equivalent. Most of all, in sharp contrast to the spin operator in the free Dirac theory, the spin operator in our theory is dependent on momentum. As a result, our spin operator is a constant of motion, but the spin operator in the free Dirac theory is not.
Interestingly, the two spin operators representing the left-handed and the right-handed spin states are neither axial nor Hermitian. However, as an observable, the field-theoretic spin operator defined by the action of the spin operator on an elementary field in the direct sum representation is an axial vector. The field-theoretic spin operator is manifested to become Hermitian, i.e., good observable, when it acts on either a positive or a negative energy space. This implies that even if elementary fields are fundamental to represent the Poincaré group, they cannot be directly measured as elementary fields but can only be measured as either particles or antiparticles.
This paper is organized as follows. In section II we discuss minimum requirements of spin operator in the Poincaré group and derive two spin operators from a general linear combination of the components of the PL operator. In section III we discuss the representations of the Poincaré group given by the two spin and momentum operators. The explicit representations of the spin operators are given and their properties related with the boost transformation and a little group are discussed. In section IV a fundamental dynamical equation for spin 1/2 elementary fields in the direct sum representation is derived from a parity operation and is shown to be equal to the covariant free Dirac equation. As an observable and conserved quantity, spin is discussed and its specific form is given in the positive-or the negative-energy representation space in section V. In section VI our conclusions are summarized. In the Appendix, we relegated mathematical details on formulas in main discussions.
II. DERIVATION OF SPIN OPERATORS OF THE POINCARÉ GROUP.
In 1939, Wigner classified elementary particles by irreducible unitary representations of the Poincaré group [1] . Massive elementary particles with arbitrary spin are then considered as unitary irreducible representations of the Poincaré group. Yet, in the modern paradigm of elementary particles, which is quantum field theory, fields are described in general as non-unitary representations. Straightforwardly, the normalization of the Dirac spinor, 15] , shows that the boost transformation is not unitary, where δ λλ ′ is Kronecker delta, ψ ±ǫ (p µ , λ) are the positive-and the negative-energy solutions of the free Dirac equation with the spin index λ and momentum p µ = (E, p), and ψ † ±ǫ (p µ , λ) is the Hermitian adjoint of the ψ ±ǫ (p µ , λ). Such a discrepancy of the unitarity might be closely connected with the cause of the unsolved inconsistencies disclosed recently, for example, in defining reduced spin state (spin entropy) [16] [17] [18] [19] and spin current [20] [21] [22] [23] , and in dealing with spin-dependent forces [24, 25] and the so-called proton spin crisis [26] [27] [28] , and thus requires deeper understanding and systemetic reinvestigating of the irreducible representations of the Poincaré group.
A.
A general form of spin operator
In representing a group, the most rigorous way is to use the Casimir operators that commute with all generators of the group because the eigenvalues of the Casimir operators classify irreducible representations. As is well known, the Poincaré group has the two invariant Casimir operators giving the mass m and the spin s of the representation state, respectively, i.e., 
and
where the PL vector operator W µ is defined as
with the 4-dimensional Levi-Civita ǫ µνρσ (we set ǫ 0123 = ǫ 1230 = 1), the generators of the (homogeneous) Lorentz group J µν , and the generators of translations P µ . Here, Einstein summation convention is used for the Greek indexes µ ∈ {0, 1, 2, 3} and will also be used for Latin indexes k ∈ {1, 2, 3}, unless otherwise specifically stated. We omit the word 'operator' freely, e.g., the PL vector instead of the PL vector operator, because the context would clarify the usage and we use capital letters for operators and small letters for usual vectors. The metric tensor g µν = diag(+, −, −, −) will be used. As we mentioned in the Introduction, spin operators are not identified by the PL vector itself, although the square of the PL vector reveals spin quantum numbers in eq. (2) , because the components of the PL vector do not satisfy the commutation relation, i.e.,
where ǫ ijk is the three-dimensional Levi-Civita with ǫ 123 = 1. However, the second Casimir in eq. (2) allows us to consider the three components of a spin operator satisfying the su(2) algebra as a linear combination of the 4-components of the PL vector such that −m
A general linear form of S k can be written as
where the index k in a k,k is not considered as repeated and the subscript m = k means m which is not k. The Poincaré group has the little group SU (2) whose transformations leave the momentum p µ invariant, so that S k is expected to be the generator of this little group. This requires that S k commutes with the components of momentum operator, P µ . Then the coefficients a k,µ should be functions of complex numbers and P µ but not functions of the Lorentz generators J µν . Note that [P µ , W ν ] = 0.
B. The minimum requirements for spin operators
Before introducing the minimum adequate requirements to determine an explicit expression of the spin operator in eq. (5), we need to discuss spin operator as a form of tensorial operator in order to understand clearly a transformation property of proper spin operator under Lorentz transformations. Similar to the total angular momentum, in 3+1 dimension, a spin angular momentum can be described by a second rank antisymmetric tensor. The (Hodge) dual spin tenor * S µν is defined as
and then the spin three vector can be mapped from the k0-component of the dual spin tensor * S k0 = 1 2
where ǫ k0ij becomes the three-dimensional Levi-Civita ǫ kij . In sharp contrast to the Bogolubov et al.'s requirement iv) [11] , the mapping in (7) shows that the k-component of the spin S should transform as a k0-component of second rank tensor under Lorentz boost. Note that the tensor requirement from eq. (7) also includes the three-dimensional vector requirement, i.e., the k-component of the spin S should transform as a k-component of a vector under spatial rotation.
Actually, we find the minimum requirements determining the coefficients a k,µ in eq. (5):
• S k should commute with the momentum;
• S k should satisfy the su(2) algebra;
• S k should transform as k0-component of a second-rank tensor under Lorentz transformation;
C. Brief explanation of the derivation of spin operators
In order to derive spin operators, one can implement the requirements on the general expression of spin operators in eq. (5). The little group condition (8) was used to let the coefficients a k,µ be functions of complex numbers and momentum. As the sub-condition of the tensor condition, the three-dimensional vector condition
fixes the functional form of the coefficients a k,µ that gives (Appendix A (i))
where f 1 (P 0 ), f 3 (P 0 ), and f 4 (P 0 ) are functions of P 0 . Next we impose the angular momentum condition (9) on the spin S k . The angular momentum condition gives the relations among f 1 (P 0 ), f 3 (P 0 ), and f 4 (P 0 ) as
where P 2 0 = (P 0 ) 2 and the argument P 0 of the functions f 1 , f 3 , and f 4 are omitted for simplicity. Interestingly, these relations among the three unknown function f s show that if f 3 = 0, the functions f 1 and f 4 are specified explicitly by using the relations (13a) and (13b). The f 3 term in eq. (12) is non-axial and thus the spin S k for f 3 = 0 becomes the same axial vector as Bogolubov et al. obtained in Ref. [11] . Note that for nonzero three functions f 1 , f 3 , and f 4 , the three relations in eqs. (13a), (13b), and (13c) reduce to two relations and then the three unknown functions cannot be specified because eqs. (13b) and (13c) give the same relation, i.e., 1 = f 4 (P 2 0 − m 2 ) + f 1 P 0 . Hence we need more condition to determine spin operator explicitly.
One can easily find that the tensor condition, which requires every terms of S k in eq. (12) should transform as a k0-component of second-rank tensor under Lorentz transformation, can determine the specific functional form of
, and f 4 (P 0 ) (Appendix A (iii)). For example, f 3 (P 0 ) should be c, where c is constant (scalar under Lorentz transformation), because ǫ kml P l W m = ǫ 0kml P l W m transforms as a 0k-component of second-rank tensor. We then obtain the specific functional forms as f 1 (P 0 ) = bP 0 and f 4 (P 0 ) = a, where a and b are constant. Hence the relations among a, b, and c are given as
For any P 0 related with boost transformations (Appendix A (iii)), the two solutions are given as
The corresponding two spin operators are explicitly obtained as
Note that these two spin operators are the same as those determined by a different reasoning in Ref. [12] .
D. The corresponding spin tensor operators
Each of the derived spin three-vectors S k ± in eq. (16) has the corresponding dual spin tensor with S k ± = * S k0 ± . Using eq. (10) with eqs. (7) and (16), there are two possible candidates for the ij-components of the dual spin tensor operators as follows * S
where the subscripts 1 and 2 are used to distinguish them clearly. The two corresponding spin tensors defined by S µν ±;n = − 1 2 ǫ µνρσ * S ±;n;ρσ (18) through * * S µν ±;n = −S µν ±;n satisfy the same commutation relations of angular momentum. Here n = {1, 2}. We choose the second one in eq. (17b) as the definition of * S ij ± because this choice allows the usual definition of the spin tensor with the commutator of gamma matrices (see sec. IV) and thus we will omit the subscript 2 in the spin. The six components of the antisymmetric spin tensor S µν ± are not independent because of the relation
Consequently, the S k ± determine all components of the antisymmetric spin tensor S 
III. REPRESENTATIONS OF THE POINCARÉ GROUP USING THE TWO SPIN OPERATORS,
HANDEDNESS, AND LITTLE GROUP.
A. Representation of the Poincaré group and handedness
As we have shown, the Poincaré group has the two Casimir operators P µ P µ and either
All representation spaces of the Poincaré group are then classified by the eigenvalues of the two Casimir operators as (m, s ± ) with integer or half-integer s ± . Then the base states Ψ ± (p µ , λ ± ) of the representation spaces (m, s ± ), on which the representations of the Poincaré group act, are obtained by the following eigenvalue equations of momentum and spin operators
where (16) are dependent on the momentum operator P µ . Hence, after acting on the eigenstates Ψ ± (p µ , λ ± ), the spin operators S k ± can be denoted as the spin operator S k ± (p µ ) for the given momentum p µ = (p 0 , p). This can be understood by representing the eigenstate Ψ ± (p µ , λ ± ) as a product form
where |p µ is the eigenstate of the momentum P µ and ψ ± (p µ , λ ± ) is the spin state, which is the eigenstate of the spin S k ± (p µ ), respectively, i.e.,
with the detailed action steps
Note that the product form in eq. (21) is not a tensor product because the spin state ψ ± (p µ , λ ± ) is not determined independently from the momentum eigenstate |p µ . The S k ± (p µ ) can be considered and used as the spin operators for the frame with the specific momentum p µ = (p 0 , p). The explicit form of S k ± (p µ ) will be given later in this section. Let us construct two inequivalent representations of Poincaré group with the operators P µ and S k ± (p µ ). As usual, the translation operator is represented by e iP µ aµ acting on the space generated by Ψ ± (p µ , λ ± ), which transforms
with an arbitrary constant 4-vector a µ for the translation parameter. The two spin operators S k ± admit the following two inequivalent finite-dimensional representations of the homogeneous Lorentz group, which is isomorphic to the complexified SU (2) group, acting on the space generated by ψ ± (p µ , λ ± ); (16) is used, and θ is a compact parameter indicating a rotation angle and ξ is a non-compact parameter indicating a rapidity. That is, the state ψ ± (p µ , λ ± ) transforms under Lorentz transformations according to
Actually, e iS+(p µ )·(θ−iξ) and e iS−(p µ )·(θ+iξ) cannot be mapped into each other by a similarity transformation and therefore provide two inequivalent representations of the Lorentz transformations determined by the parameters θ and ξ in the specific frame of the state with momentum p µ . Note that the S k ± (p µ ) become the linear combinations of the Lorentz generators J µν in the specific frame with the momentum p µ . For spin 1/2, the two representations e iS+(p µ )·(θ−iξ) and e iS−(p µ )·(θ+iξ) become a self-representation and equivalent to a complex conjugate self-representation in two-dimension, respectively [29] . Usually the self-representation and the complex conjugate selfrepresentation are called the left-handed and the right-handed spinor representation, which are denoted by (1/2, 0) and (0, 1/2), respectively. Following this conventional denotation, we will also call the representations e
and e iS−(p µ )·(θ+iξ) as the left-handed and the right-handed representations, respectively, and denote by (s + , 0) and (0, s − ). For half-integer s ± , these representations become spinor representations. Consequently, the two spin operators S k ± provide the handedness (chirality) to the states Ψ ± (p µ , λ ± ), which thus can be considered as the momentum and spin state representations of spin s ± elementary chiral fields.
B. Explicit representations of the two spin operators in an arbitrary reference frame
In order to understand the spin clearly in an arbitrary reference frame, we need to obtain explicit representations of the two spin operators S k ± (p µ ) in an arbitrary moving frame. It can be accomplished most easily by using a Lorentz transformation (LT) of p µ and w µ . To this purpose, it is enough to consider a boost transformation from the RF (so called the standard LT) because a rotation in the RF does not change the momentum of the field Ψ ± (p µ , λ ± ) and the spin S k ± (p µ ) is determined by the action of S k ± on the momentum eigenstate |p µ . Two successive non-collinear Lorentz boosts from the RF, equivalent to an effective rotation in the RF followed by an effective standard LT, are well-known to give rise to a nontrivial effect [30] . However, such an effective rotation in the RF is also not relevant to obtain the representation of the spin operators in the moving frame.
The standard LT, carrying from
The PL vector becomes w µ rest = (0, mσ/2) at the RF, where σ/2 is the (2s + 1)-dimensional representation of su(2) algebra. Thus the PL vector in the moving frame is given as
where σ · p = σ k p k . As a result, one can find the explicit expressions of the spin operators S k ± (p µ ) in a moving frame with the momentum p µ of the state as
This eq. (29) shows that the spin operator at the RF is represented by
Obviously, eq. (30) shows the consistency condition v) of Bogolubov et al. Interestingly, the explicit expression of the spin operator S k ± (p µ ) in eq. (29) can also be obtained by the similarity transformation of the spin operator at the RF by using the spin state representation of the standard LT (Appendix B). We will denote the pure boost transformations of the spin states ψ ± (p µ , λ ± ) by Q + (q µ ) and Q − (q µ ), respectively, i.e.,
where
We use the superscript 0 in Q 0 ± (p µ ) to express the standard LT. Acting on the spin state ψ ± (k µ , λ) at the RF, the Q 0 ± (p µ ) presents the spin states ψ ± (p µ , λ ± ) as
Notice that S k ± (p µ ) in eq. (29) can be expressed by using the similarity transformation from
. Using eq. (34), the eigenvalue equation at the RF,
derives the equation,
This fact implies that the standard LT does not change the eigenvalue of the spin operator as expected by the Wigner rotation [30] .
C. Little groups and the two spin operators
As is known, the subgroup of the Lorentz group that does not change the momentum of a particle is called the little group [1] . The elements of the little group acting on the momentum eigenstate |p µ have the form of LRL −1 , where L is a standard LT, L −1 is the inverse of L, and R is a rotation. One can confirm that LRL −1 satisfies the multiplication of SU (2) group elements. Then the corresponding spin state representation of LRL −1 can be represented by the group elements
that generate an SU(2) group (Appendix C). The D ± (θ ± ) do not change the momentum of a particle because
which is guaranteed by [S k ± , P µ ] = 0. Accordingly, the little group transformation of the field becomes
Due to the little group rotation of the fields, the consideration of a spin-state projected Lagrangian is not physically meaningful in relativistic situation [31] . The rotation angles θ ± of the little groups are the same as those of the Wigner rotation (Appendix C). However, one can notice that the two spin operators S k ± (p µ ) are non-Hermitian, which implies that the fields Ψ ± (p µ , λ) do not have any good spin observables. It will be shown that the Hermitian spin as a good observable can be obtained in the representation of the parity-extended Poincaré group in section V. In this section, we will study the parity-extended Poincaré group, which has parity transformation (space inversion) as well as translations and Lorentz transformations. The two representation spaces of the Poincaré group play a fundamental role as the building blocks for the irreducible representations of a theory with parity-extended Poincaré symmetry.
One can easily notice that the two representations of the Poincaré group are connected each other by space inversion. Under parity, the momentum and the PL vector transform as, respectively,
and vice versa in eq. (29), i.e.,
Hence the spin eigenvalue equation transforms as
That is, the spin state ψ + (p µ , λ) transforms to the ψ − (p µ , λ) and vice versa
and the spin eigenvalue does not change under parity.
To construct a theory involving parity operation properly, the corresponding representation spaces should include both the left-handed and the right-handed representation of the Poincaré group. The representation of the parity-extended Poincaré group needs a tensor product (s, s) representation and a direct sum (s + , s − ) ⊕ (s − , s + ) representation. Among possible representations of the parity-extended Poincaré group the natural representation for free massive fields with spin s, which is the only representation without any redundant representation space, is the (s, 0) ⊕ (0, s) representation. That is, the (s, 0) ⊕ (0, s) representations of the parity-extended Poincaré group could be considered as massive elementary field with spin s.
The non-chiral spin state 
where I 2s+1 is the (2s + 1)-dimensional identity matrix. Notice that the γ 0 representation of the parity is valid only on the space generated by the non-chiral spin state ψ D (p µ , λ). Let the spin operator in the parity-extended Poincaré group be S k . As we have seen in eq. (42), the parity operation only changes momentum not spin. However, the parity operation transforms the spin eigenstate with p µ into the spin state withp µ and also transform the chiral spin accordingly. This makes the representation of the spin operator S k in the parity-extended Poincaré group not just be the simple direct-sum of the left-handed and the right-handed spin in the (s, 0) ⊕ (0, s) representation because
The proper representation of the spin operator S k in the parity-extended Poincaré group should be defined through the action on the spin state as
Obviously, the Casimir operators are P µ P µ and S k S k in the parity-extended Poincaré group. The group composed of every element
becomes the little group of the parity-extended Poincaré group. We will let the representation of the spin operator acting on the spin state ψ D (p µ , λ) be
Then one can denote the representation of
Similar to the way in the Poincaré group, the boost transformation of the spin state ψ D (p µ , λ) in the (s, 0) ⊕ (0, s) representation is expressed as
with the rapidity ξ, where
. The standard LT, the boost transformation from the RF with the momentum k µ to a moving frame with the momentum p µ , becomes
The inverse of the standard LT,
B. Fundamental dynamical equation for free massive spin 1/2 fields
As we discussed in the previous subsection, the spin state ψ D (p µ , λ) naturally presents a massive spin-s non-chiral field with momentum p µ . Without parity, the spin state ψ D (p µ , λ) representation becomes reducible. Then the parity operation plays a central role to provide the irreducible (s, 0) ⊕ (0, s) representation. The parity operation acting on the spin state ψ D (p µ , λ) can be represented by the γ 0 as we have seen in the previous section. The parity transformation of the spin state ψ D (p µ , λ) can also be realized as follows
where Q −2 ⊕ (p µ ) is the square of the inverse operation of Q ⊕ (p µ ), by using the fact that the parity transformed spin state ψ D (p µ , λ) with the momentump µ can be obtained from the inverse standard LT Q
Note that
With comparison of eqs. (45) and (54), one can find the equality as
This eq. (56) is found to describe a dynamics of free massive spin-s fields. Especially for free massive spin-1/2 fields, the exponential form of Q −2 ⊕ (p µ ) becomes the linear form (Appendix D) as follows
Equation (56) is then given as
where γ 0 is the 4-dimensional matrix. By taking a parity operation again to eq. (58), we obtain the Lorentz covariant equation
We can rewrite this equation (59) using the new γ
where the new γ µ N operators are defined by
The explicit representations of the operator γ k N are determined by the action either on the spin state ψ D (p µ , λ) or on the parity-transformed spin state ψ D (p µ , λ) as It should be noted that the new gamma operators acted on the (1/2, 0) ⊕ (0, 1/2) representation can be considered to satisfy the Clifford algebra, i.e.,
where {, } is the anti-commutator. This fact can be easily confirmed by using the relations
The representation of the new gamma operators gives the spin tensor through
This spin tensor is shown to be equal to the definition in eq. (17b). Note that the algebras of the new gamma operators cannot be defined without the action on the spin state other than those of the usual gamma matrices. The fundamental dynamical equation in eq. (60a) seems to be a higher-order equation rather than a first-order equation of p µ because the spin operator S k involves the momentum p µ through S k ± (p µ ). Interestingly, however, one may notice that for any spin s, the helicity operator satisfies
wherep = p/|p| is the unit vector in the direction of the momentum. This fact makes the fundamental dynamical equation be a first-order equation of p µ for spin 1/2 and also our representation of gamma operators in γ µ N ψ D (p µ , λ) be replaced by the usual Dirac gamma matrices γ µ described by the Pauli matrices
As a result, our fundamental dynamical equation (59) for a free spin-1/2 massive field becomes the same as the usual covariant Dirac equation (γ µ p µ − m) ψ D = 0 [32] , where ψ D is the Dirac spinor. The Dirac equation was originally derived from the relativistic invariant relation of energy-momentum, hence it does not include spin explicitly. We have shown that the appearance of the Pauli matrices [32] in the Dirac equation is a natural consequence of the helicity operator S ± (p µ ) ·p. This fact could explain why the Dirac equation predicts the existence of spin and describes spin-1/2 massive elementary fields successfully. Despite the equality of the covariant Dirac and the fundamental dynamical equations, the two theories are not physically equivalent because the new spin operator is not equal to the Dirac spin Σ/2. A stark difference between them will be exposed with discussions on whether spin operator is an observable or not. Thus the next section will be devoted to discuss the properties of the new spin operator, as an observable, in the (s, 0) ⊕ (0, s) representation.
V. SPIN AS AN OBSERVABLE FOR FREE MASSIVE NON-CHIRAL SPIN-1/2 FIELDS
Of important issue is whether the new spin of free massive (non-chiral) spin-1/2 fields is a conserved quantity, because the Dirac spin Σ/2 is not conserved, i.e., [Σ/2, H] = 0, where the Dirac Hamiltonian H is given as
In general, Noether's method [33] allows us to answer on this question explicitly. The new spin-1/2 Lagrangian, which gives the fundamental dynamical equation in eq. (60a) as the equation of motion, becomes
0 is the Dirac adjoint spinor. On the other hand, the usual Dirac Lagrangian is
which is equal to the new Lagrangian (68) because of γ
Here the xrepresentation of the spin state is given as
We will denote ψ D (x µ ) as ψ D for simplicity. Even though L and L Dirac are equal, they do not describe an equivalent theory due to the discrepancy of the corresponding spin operators, i.e., the new spin S(p µ ) and the Dirac spin Σ/2, respectively. Discrepancies of theories described by the two Lagrangians L and L Dirac can be understood with considering Noether conserved currents because the representations of the Lorentz transformations given by the corresponding spin operators are not equal.
A. Conserved Noether currents and charges
Let us first review the conventional Dirac free field theory in eq. (69). For the Lorentz invariance, Noether's theorem [33] gives the conserved current as
where the energy-momentum tensors are
The conserved current gives rise to the conserved charges corresponding to the total angular momentum [15] 
and the conserved quantities under pure boosts
The conserved Noether current satisfies ∂ µ (J µ ) ρσ = 0. However, one can confirm that the last (spin) term of eq. (71) does not satisfy itself the current conservation, i.e.,
This fact implies that the currents associated with the Dirac spin are not conserved and then the Dirac spin is not conserved quantity. This result is consistent with the fact that the Dirac spin does not commute with the Dirac Hamiltonian. Next, to make the contribution of the new spin S(p ν ) clear for the Noether's current under the Lorentz symmetry, let us consider the conserved current obtained from the new Lagrangian in eq. (68):
where 
Let us define the spin-associated current from the total conserved current in eq. (75) as
To be conserved itself, the spin-associated current (J µ S ) ρσ should satisfy the conservation condition, i.e.,
With the fundamental dynamical equation (60a), the conservation condition (77) is shown to be equivalent to the following commutation condition,
One can justify ∂ ν (J ν S ) ij = 0 as follows,
with the standard LT from the
the similarity transformation of the spin operator (Appendix B), i.e.,
and the transformation of the usual gamma matrices, i.e.,
with p µ = L µ ν k ν . This implies that the spin current (J µ S ) ij is conserved. However, one can find
This shows that under pure boosts, only the total current (J µ ) 0i is conserved itself. Based on the conserved spin current (J µ S ) ij , the total current (J µ ) ij , giving rise to the total angular momentum as the conserved charge, can be decomposed into the two conserved currents as
where the orbital current (J µ L ) ij and the spin current (J
Obviously, the orbital current satisfies its conservation condition, i.e., ∂ µ (J µ L ) ij = 0. The orbital and the spin current give rise to the corresponding conserved charges, i.e., the orbital angular momentum
and the spin angular momentum
respectively. Using the Q ij S , the conserved spin three-vector is given as
The existence of the conserved spin three vector could also be understood as a natural consequence of the fact that the spin operators S k (p µ ) are the generators of the little group as a subgroup of the parity-extended Poincaré group. Therefore, our theory described by the new Lagrangian, contrary to the Dirac theory, has the conserved spin for free massive spin-1/2 fields.
B. Good observable spins for free particles and antiparticles
Of particular importance is whether spin is an observable or not. To be an observable, spin operator should be Hermitian. One can notice that the Q k S in eq. (85) is not Hermitian because the S k (p µ ) is not Hermitian. The Q k S is then not a good observable. However, when we measure spin, we observe it for either a particle or an antiparticle, not a field itself. This implies that as a good observable, spin could be defined for a particle or an antiparticle separately. In our theory described by the new Lagrangian, the positive-and negative-energy projection operators Π ±ǫ can be introduced as
and thus particles and antiparticles are described by the positive-and negative-energy spin states ψ D;±ǫ , respectively, i.e.,
Then, the spins for a particle and an antiparticle can be defined as
One can confirm that the spin Q k S;±ǫ is Hermitian. The spin operator S k (p µ ) can be expressed by the following similarity transformation from eq. (80b) as
and the projection operator satisfies
with the defined unitary matrices, i.e.,
Accordingly, the following relation holds
Therefore, one can rewrite the positive-and the negative-energy spins Q k S;±ǫ in eq. (88) as
using the definition,
One can consider the S k ±ǫ (p µ ) as the spin three vectors for the positive-and negative-energy spin states. The S k ±ǫ (p µ ) is definitely Hermitian, hence the corresponding Noether conserved spins Q k S;±ǫ are also Hermitian. Usually, spin is considered as an axial vector [11] because the classical angular momentum is an axial vector. In this sense, as a correspondence, the axial vector condition can be considered as a consistency condition for spin. Furthermore, due to the fact that the parity operation does not change the spin eigenvalue, spin can be considered as an axial vector. As an observable in the field theory, spin should be considered by using Noether conserved spin
Under parity, the spin states transform as ψ D (x 0 , x) → γ 0 ψ D (x 0 , −x) and one can also confirm easily that the parity-inversion spin state γ 0 ψ D (x 0 , −x) satisfies the same fundamental equation (60a). The invariance of spin under parity can be shown as
with (γ 0 ) † = γ 0 . As a result, the spins S k ±ǫ (p µ ) for particle and antiparticle become axial. Therefore, as a physical observable, the spin is axial and Hermitian as usually expected. Note that the relation in eq. (92) is equivalent to that in Ref. [10] for the positive-energy state and U † +ǫ (p µ ) becomes Foldy-Woutheysen unitary operator for spin 1/2 [6] .
VI. CONCLUSION
We have derived the two spin operators corresponding to massive elementary chiral fields with spin s, whose squares become the second Casimir invariant of the Poincaré group, by imposing the minimum requirements. The two spin operators admit the complexified su(2) algebra, which provide the two inequivalent, i.e., the left-and the right-handed spin state, representations of the Lorentz group. Hence the chirality of massive elementary spin s fields arises as a consequence of these two inequivalent representations of the Poincaré group. For spin 1/2, the left-and the righthanded representations become the self-representation and equivalent to the complex conjugate self-representation of the Lorentz group, respectively, in complex two-dimension. The two spin operators also become the generators of the little group that is the subgroup of the Poincaré group which leaves the momentum of a field invariant. However, the spin operators are not Hermitian, which indicates that a physically observable theory cannot be provided by themselves.
Under the parity transformation, the two spin operators exchange each other, which leads to that the parity operation transforms the left-haneded representation to the right-handed representation and vice versa. In consequence, the only natural irreducible representation without any redundant representation space for free massive elementary spin s field under the parity-extended Poincaré group is the direct sum (s, 0) ⊕ (0, s) representation. We found that the Lorentz transformation can also transform the left-handed representation to the right-handed representation and vice versa. For (1/2, 0)⊕ (0, 1/2) representation, we have derived the fundamental dynamical equation for free massive elementary spin 1/2 fields by using such Lorentz transformations expressed in the linear form of the helicity operator. The fundamental dynamical equation is shown to be equal to the covariant Dirac equation originally derived as a first-order equation satisfying the Einstein's energy-momentum relation. However, the two theories described by the fundamental dynamical equation and the Dirac equation are not physically equivalent.
In contrast to previous approaches suggesting relativistic spin operators for spin-1/2 massive particles, we have enabled to manifest from the Noether's theorem that the spin
is an axial vector as usually expected for a spin angular momentum. The
Noether conserved spin is still not Hermitian, however, its projected form
±ǫ either on the positive energy (particle) or on the negative energy (anti-particle) space has been shown to be Hermitian. This fact suggests that the physical symmetry is not described by the Poincaré group but by the parity-extended Poincaré group and one can measures either a particle or an antiparticle only, not a field itself in physical measurements.
Our work opens a new door for determining the proper spin operator for elementary particles and fields by using the space-time symmetry directly, which can be applicable in exploring future spin-based (relativistic) quantum technologies as well as in resolving the inconsistent phenomena related with spin. On the more fundamental level, we have reached a starting point to attempt a new field theory exploring how the spin couples with gauge fields for finding a successful extension of relativistic quantum theory, by deriving the fundamental dynamical equation that would reveal its difference from the covariant Dirac equation in case of gauge coupling.
This implies that the non-commuting part of the operator a k,m =k with J l transforms as the m-or k-component of a three-vector under a rotation. As for three-dimensional vector, only two types are possible. One is an ordinary vector P, the other is a pseudovector P × C with a constant vector C. To satisfy eq. (99c), then, the a k,m =k should be expressed as
where f 2 (P 0 ) and f 3 (P 0 ) are functions of P 0 . The coefficient a k,k in eq. (99b) should be a function of P k and P 0 because a k,k commutes with J k for j = k. For j = k, furthermore, eq. (99b) becomes [J j , a k,k ] = 0 by using the coefficient a k,m =k in eq. (101). Then, the coefficient a k,k should not be a linear function of P k . And, for
where f 1 (P 0 ) is a function of P 0 . Consequently, as a three-dimensional vector satisfying eq. (96), S k in eq. (5) can be rewritten in terms of a more specific form of the coefficients a k,µ as
where we used
The third term in eq. (103) can be rewritten as
by using W µ P µ = 0 andf 2 = f 2 P 0 . Hence we can rewrite the S k in simpler form as
The spin three-vector operators are generators of SU (2) group such that they should satisfy the su(2) algebra, i.e., the commutation relations,
Let us put S k in eq. (106) into the commutation relation in eq. (107). By using the commutation relations
, the following three equations are obtained
From eqs. (108a), (108b), and (108c), however, f s, all of which are nonzero, cannot be determined because eqs.
(108b) and (108c) are not independent each other for f 1 = 0 and f 3 = 0, which means that infinitely many solutions are possible with respect to f s.
(iii) To specify f s more, we consider the fact that the spin angular momentum three-vectors are obtained from the second-rank tensors, i.e., S k = * S k0 . Hence, S k should be transformed as a k0-component of second-rank tensor for a LT (tensor condition).
Then, every term of S k in eq. (106) should satisfy the tensor condition separately. As a result, f 1 should be linearly proportional to P 0 , i.e., f 1 (P 0 ) = b P 0 , to make the term of f 1 (P 0 )W k transform like a k0-component of the tensor under an LT, while f 4 and f 3 should be constant (Lorentz scalar) because the terms of P k W 0 and ǫ kml P l W m = ǫ 0kml P l W m already transform like a k0-component. Let f 4 (P 0 ) = a and f 3 (P 0 ) = c, then, a, b, and c are Lorentz scalar.
Consequently, eq. (106) can be rewritten as a more specific form:
Then, eqs. (108a), (108b), and (108c) become, respectively,
Under boost transformation, P 0 transforms to different value, but a, b, and c are invariant, hence both the coefficients of P 2 0 and the constant terms in the three equalities (110a), (110b), and (110c) should be zero separately. To determine the three constants a, b, and c, then, we obtain the six conditions: 
These six conditions clearly show that if one of the three constants a, b, and c is zero then all of the three constants become zero. Hence, all of them should be nonzero and then the six conditions reduce to the three conditions:
One can obtain the two sets of the three constants as
Resultantly, we obtain the two spin three-vectors as
(iv) As a reference, we consider the Bogolubov et al.'s derivation in our derivation. They imposed the additional condition that the spin should be axial, which requires f 3 = 0 in eqs. (108a), (108b), and (108c), instead of the tensor condition. Then there are two solution
One of the two, which corresponds to the upper sign in eq. (114), satisfies the condition that the three components of the spin operator reduces to the three spatial components of the PL vector at the RF such that the spin under the axial vector condition becomes
which is the same as the spin derived by Bogolubov et al. As one can easily check, with these f 1 and f 4 in eq. Bogolubov cannot be the component of a relativistically covaraint spin and in fact, it is the k-component of the PL vector transformed to the RF from the PL vector at the moving frame as Bogolubov et al. noted [11] .
VIII. APPENDIX B: EXPRESSION OF SPIN USING SIMILARITY TRANSFORMATION
The spin operator S k ± (p µ ) in eq. (29) can also be expressed by the similarity transformation of the rest spin operator
We will confirm this fact by using direct calculation in this section.
Prior to manipulate the right-hand side of eq. (29), let us define cosh 
where A k = i (σ ×p) k /2 and B k = σ k /2 −p k (σ ·p) /2. One can notice that eq. (117b) can be expressed as a form of e X Y e −X = Y + n=1 X n /n! with X n+1 = In determining the function f (σ, p), thus, we have the two conditions X 1 = [f (σ, p), σ k /2] = ζ (σ/2 ×p) k and (29) is re-expressed as
Consequently, the spin oprator S k + (p µ ) is described by the similarity transformation of the rest spin operator S k (k µ ) with
Similarly, we also obtain U − = exp [−σ/2 · ζ] from S k − (p µ ) in eq. (29) . Note that U ± are the representations of the standard LT in the left-handed and the right-handed space, i.e., Q 0 ± (p µ ) in eq. (32).
IX. APPENDIX C: LITTLE GROUPS.
To study the case that gives the little group transformation, let us consider the general Lorentz transformation U ± (Λ) on the spin state Ψ(p µ , λ), where q µ = Λ µ ν p ν . In this section, we will use U ± (Λ) for the spin state representations e iS±(p µ )·(θ∓iξ) of the Lorentz transformation to denote the connection between the spacetime representation and the spin state representation, i.e., Λ and U ± (Λ), clearly. Actually, θ and ξ are the Lorentz transformation parameters of Λ. Then 
where the rotation angle vector θ is determined by two successive Lorentz transformations Λ and L(p) through the rotation R(Λ, p). Then we can obtain
= e iS±(q µ )·θ Ψ ± (q µ , λ) using the relation in eq. (116). Here
because ΛL(p) is equivalent to the rotation followed by the standard LT L(Λp), i.e., ΛL(p) = L(Λp)R(Λ, p) and k µ does not change under R(Λ, p). Hence the group element D ± (θ) = e iS±(q µ )·θ corresponds to the left-handed and the right-handed representation of LRL −1 in sec. III. Note that the rotation angle vector θ is determined by the rotation at the RF, which is the same as the Wigner rotation angle because
These imply that the two spin operators S k ± (q) provide the two inequivalent representations of the little group.
In this section, we obtain the expression of parity operator in a linear form of the helicity operator. It is expected that a parity operator would be the 0-th component of a space-time four-vector because the usual representation of the parity operator is γ 0 andψ D (p µ , λ)γ 0 ψ D (p µ , λ) is the 0-th component of space-time four-vector [32] . 
with the condition S
Here p ζ has been used.
